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Abstract. This paper investigates one-dimensional central extensions of small-dimensional non-
nilpotent filiform Leibniz algebras. In particular, we consider the algebras F1(0,0,0,1) and F2(0,1,0,0),
constructing their multiplication tables and analyzing their automorphisms. Using the structure of 2-cocycles
and the corresponding cohomology spaces, we classify all possible central extensions. By examining the
action of the automorphism group on the second cohomology, we determine the complete set of non-
isomorphic one-dimensional central extensions of these algebras. The results provide a deeper understanding
of the structure of filiform Leibniz algebras and contribute to the broader classification of their central
extensions.

Keywords: Leibniz algebra, filiform algebra, central extension, automorphism group, cohomology.

AHHOmMauyusi. B paHHOW paboTe umccnegyloTCs  OAHOMEPHblE  LEeHTparbHble  pacliMpeHus
ManopasMepHbIX HEHWNbNOTEHTHbIX PUNNQOpMHbIX anredbp JllenbHmua. B yacTHOCTM, paccMmaTpmsaloTCs
anrebpbl F1(0,0,0,1) n F2(0,1,0,0), cTpoATca nx Tabnuubl yMHOXEHUSA 1 aHANM3MPYOTCSA UX aBTOMOPGM3MbI.
Vcnonb3ysi CTPYKTYPY 2-KOLUKIOB 1 COOTBETCTBYIOLLIME NPOCTPAHCTBA KOrOMOMOriA, KnaccuduumnpyroTcs Bce
BO3MOXHbIE€ LEeHTpanbHble pacwupeHuns. W3yyas pencteue rpynnbl  aBTOMOPU3MOB Ha BTOPYIO
KOromoJsioruto, onpenensercs nornHbli HAbop HEM30MOPMHBLIX OAHOMEPHbLIX LEHTPAaNbHbIX PaCLUMPEHUA 3TUX
anrebp. PesynbTatbl no3eonsAwT rnybke MOHATb CTPYKTYpY UM@OpMHbIX anrebp JlenbHuua u
cnocobCTBYOT Gonee LWMPOKOKM Knaccudukaumm nx LeHTpanbHbIX pacLUMpeHni.

Knroyeenie cnoga: anrebpa JlenbHuua, dunudopmHas anrebpa, ueHTpanbHoe paclumpeHue, rpynna
aBTOMOP(U3MOB, KOFOMOJOTUSI.

Annotatsiya. Ushbu magola kichik o‘lchamli nilpotent bo‘lmagan filiform Leybnits algebralarining bir
o'lchovli markaziy kengaytmalarini o‘rganadi. Xususan, biz F1(0,0,0,1) va F2(0,1,0,0) algebralarini ko‘rib
chigamiz, ularning ko‘paytirish jadvallarini tuzamiz va avtomorfizmlarini tahlil gilamiz. 2-kotsikllarning tuzilishi
va mos keladigan kohomologik bo‘shliglardan foydalanib, biz barcha mumkin bo‘lgan markaziy kengaytmalarni
tasniflaymiz. Avtomorfizm guruhining ikkinchi kohomologiyaga ta'sirini o‘rganib, biz ushbu algebralarning
izomorf bo‘lmagan bir o‘lchovli markaziy kengaytmalarining to‘lig to‘plamini aniglaymiz. Natijalar filiform
Leybnits algebralari tuzilishini chuqurroq tushunish imkonini beradi va ularning markaziy kengaytmalarini
kengroqg tasniflashga yordam beradi.

Kalit so‘zlar: Leybnits algebrasi, filiform algebra, markaziy kengaytma, avtomorfizm guruhi,
kohomologiya.

Introduction

Leibniz algebras are a natural generalization of Lie algebras, where the condition of
antisymmetry in the commutator is relaxed. This broader class of algebraic structures has
attracted considerable attention in modern mathematics due to its rich properties and
potential applications. Among them, filiform Leibniz algebras play a particularly important
role, as they represent highly structured examples that allow for a deeper understanding of
the fundamental behavior of non-nilpotent systems.

The study of central extensions is crucial in algebra, since they provide new algebraic
structures by introducing central elements into the system. In the case of filiform Leibniz
algebras, one-dimensional central extensions are especially significant, as they reveal the
diversity of possible algebraic forms and contribute to the classification of these algebras.
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By analyzing multiplication tables, automorphisms, and the second cohomology spaces, one
can systematically determine all non-isomorphic central extensions.

In this paper, we focus on the algebras (F1(0,0,0,1)) and (F2(0,1,0,0)), constructing their
multiplication rules and exploring their automorphism groups. Using the framework of 2-
cocycles and cohomology, we classify all one-dimensional central extensions of these
algebras. The results obtained provide new insights into the structure of filiform Leibniz
algebras and contribute to the broader understanding of their extension theory.

Methods

To investigate the structure and properties of central extensions of small-dimensional
nilpotent Leibniz algebras [1] we applied several key approaches from modern algebraic
theory:

1. Structural analysis — examined centers and their extensions to construct explicit
forms for each algebra.

2. Classification — separated non-isomorphic classes and organized them according
to the existence of central extensions [3]

3. Extension construction — developed higher-dimensional extensions by enlarging
centers and introducing new generators.

4. Isomorphism identification — used algebraic invariants to distinguish isomorphic
cases and count distinct extensions [4].

5. isomorphic cases and count distinct extensions.

Results and Discussion

Leibniz algebras were introduced in the early 1990s by the French mathematician J.-
L. Loday as algebras characterized by the Leibniz identity. It should be noted that algebras
satisfying the Leibniz identity were first considered in 1965 by A. Bloch under the name D-
algebras. However, after that publication, the study of D-algebras was discontinued, and
only with the works of J.-L. Loday and T. Pirashvili did the systematic investigation of Leibniz
algebras begin.

Definition 1.Let (L, [-,—]) be an algebra over a field F. If for all x, y, z€ L the following
condition holds:

[[xy].z]=[[xz].y]+[x[y.z]] then L is called a Leibniz algebra. For any Leibniz
algebra L, we introduce the following series:
a) Ll — L, Ln+1 :I:Ln, Ll}

b) W=t =[]

Definition 2. If there exists a natural number n such that L" = 0, then L is called a
nilpotent algebra.

In this paper, we consider one-dimensional central extensions of small-dimensional
non-nilpotent filiform Leibniz algebras, specifically the algebras F1 (0,0,0,1) and F2 (0,1,0,0).
To this end, we first construct their multiplication tables and then apply the following

theorem:
Fla, a5, ....c,,0): [e,e]=¢8,, [e.,e]l=¢6.,, 2 <i<n-1,
[e,e,]=ae,+ae+ ... +a, e, +6e,
[e;.e,]=ae.,+ae,;+ ... +3,, €, 2<j<n-2

Using this theorem, we derive the multiplication rules for F1and F2
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leser] = es,[eze1] = es, Fl’el} ~ % Fz‘el% ~ %
63,61 = 64, 64,61 = 65,

Fi:{lese | = ey lese |l =e F,:
! [ > 1] 4’[ * 1] > 2 [es, e1] = eg, [e1,e2] = e,
[eS'el] =~ % [el'ez] ~ % [ez, e2] = es, [e3,€2] = €.

Proposition 1. The automorphisms of the algebras F1and F2 have the following form
¢(e1) = e +az e, +asses + asze, + asies + ag 1€,

P(ez) = (1 + a2,1)92 + as4€3 + as3€4 + (aZ,l + a5,l)eS + Ag,2€6,
Pp(e3) = (1 + a2,1)e3 + a5 4€4 + A5 365 + (az,l + a5,1)66'
P(ey) = (1 + a2,1)e4 + as 465 + a5 36,

Aut(F;):

a8y + 8,

¢(e1):ai,1el+ai,1( 1+a11)e +85,6 + a, €, 85,6 + 85,8,
1
g(e,)=a’e, +a,.6, +a1 2111+a53e +85,6 + 8,6,
1

Aut(F ):
W(F)) e, = 88, +8,,8,,8, + 8 1€ + 8y, (—8y, +8,,87, +ag, )&

¢(e,) = a15,1€4 + a3,la12,1e5 +ay, (_afl + a16,1 +85 ) €
p(es) = a16,1e5 + aflas,aes’
¢(94) = a17,1e6’

Proposition 2. The general form F, of the elements ¢ € Z2(F,,C) of the 2-cocycle
space of a given algebra is as follows:

(e’e):bu’ (e'e):bu’ ¢(e2’e1):b2,1' (D(e e) b22
(0(8 e) b31 ¢(e e) b (0(65!61):b5,1

Proof. For ¢ € Z%(F,, (C)an arbitrary element, we introduce the following notations:
o(e.e)=b;, 1<i,j<6.

By applying ¢([x,Y].z)=¢([x.z].y)+¢(x[y.z]) the Leibniz identity and combining
terms, we obtain the complete matrix of 2-cocycles:

e.e.8: o([e.e]e)=0(e.e]e)ro(elee]) ole.e)=0(ee)+o(e.e)=b,=0,
€.€, e4'go([ e].e)=0(e.e].e)ro(e[e.e]) =b,, =0
e.8.6 0([ene].8)=0(e,e] &)+o(e,[en8]),  =h,=0
€,,6,6 ([ez,e5 e)=0([e,e].e)+o(e[e8]),  =by=0

e.e.6:0([e.e].e)=0(e, 5] e)+o(e.fe.6]), = b,=0
e.e.6:0([e.e].6)=0(e.&].e)+o(e, [el &), =h,=0
e.6.¢:0([e.e].e)=0(e.e]&)+o(e[e.e]), =hb=0
el,e4,el:¢([e1 &), l):go([e e4] e1)+gp(el [e.e]). =b,=0
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ire 2- sectlon mat rix,
1o ([es el] e3)=¢([es e;].e)+o(es[e6]),
go([eg,el] e4):go([e3,e4] el)+q0(e3,[e1 94])’
o([e;.e] e5)=(p([e3,e5] & )+o(e[e&]),
o[ el e)=o([es &) &) +o(es[e &]),
p([ee] ) =0(ee] &) +o(e[e6]),
p([ese] &) =0([ene].0)ro(en[e]),
:(p([e4,e1],e4)=(p([e4,e4],e1)+(p(e4,[el,e4]),
p([leneles)=0(e &) 8) (e [en6]),
p([es &) e)=0(e a]8)+ (e [en8]),
o(lenele)=o([ee]e)ro(efee]),
p([ene] e)=0([ene] ) +o(en[ene]).
Zqo([e5,e1],e4)=go([es,e4],e1)+§0(es,[el e4]),
p([ese] &) = o([es.85].8 ) + (65 01,65 ]),
p([es.e] e ) =o([es &) &)+ (e [er6]),

(0([94’61]’66) = ¢([e4'eG]'el)+¢(e41[eliee])u

=b,,=0
=b,,=0
=b,, =0
=Db,; =0
=b,=0
=b,;=0
=b,,=0
=Db,;=0
=b,, =0
=b,=0
=b,=0
=b,,=0
=Db;; =0
=B, =0
=b,, =0
=b,,=0
=b,, =0
=b,;=0
= b, =0
=b;=0

Optional elements df € B?(F,, C) are formed in the following form:
{df(e1,e1) = c3,df (e1,€;) = ¢, df (ez,€1) = C3,
df (es,e1) = ¢y, df (e4,€1) = c5,df (e5,€1) = co.

Now, using the above proof, we can find all 1-dimensional central extensions of the
algebra F1. To do this, we need a general representation of the automorphisms of this
algebra. According to Proof 1 above, we obtain that the matrix representation of the
automorphisms of the algebra F1 is:

BZ(Fll(C)

Aut(F):

1 0 0 0 0
a,, l+a,, 0 0 0
a5, a5 4 1+a,, 0 0
a5.3 a5,3 a5,4 1+ a2,1 0
a5,1 a2,1 + a5,1 a5,3 a5,4 1+ a2,1
a'6,1 a6,2 a'2,1 + a'5,1 a5,3 a5,4

o O O O

0
1+ a,,

In the following theorem, we present one-dimensional central extensions of the algebra

F1.

© International Journal of Advanced Technology and Natural Sciences Vol.1(7), 2026 IF=4.372, ICV:59.77

ERSERERE mvpex (@@ cOPERNICUS
el.lnnnn'r.nu - e

93



(‘ é Ej International Journal of Advanced Technology and Natural Sciences ISSN: 2181-144X

Theorem. Any one-dimensional central extension of the algebra F1 is isomorphic to
one of a finite set of pairwise non-isomorphic algebras:

[e.e]=6, [6.8]=6. 2<i<n-1
Filee]=e, [e6]=6, [e.e]=e,
[e,.e]=6 [es.e]=6 [6.8]=¢,
[e.e]=e,+e,, [6.8]=6, 2<i<n-1
F2:ilene]=6, [e.e]=6, [e,.&]=¢,
[es.6]=¢6, [&.&]=¢,

e.e|=e+e,, [e.e]=¢, 2<i<n-1

]

[e.e]= <
F(a):i[e.e]=6+ae;, [6,.6,]=¢,, [e,,

[e..6]=¢s, [es,e] & [en&]=e
] 2<i<n-1
F'(a):q[e.e]=¢ [ez,ez]:ae7, [es,el]:e4,

[e.e]=6. [6.e]=¢ [e&.&]=6,
Proof. Using Proposition 2 and the structure of the second cohomology space, we
analyze the action of the automorphism group and obtain the classification of non-

isomorphic extensions. A similar approach is applied to the algebra F2 .
0 v 0 0 0 O

Y, vz 0 0 0 O
0 0 00 0 0
HEO=10 0 00 0 0
0 0 00 0 0
0 0 00 0 0

In order to form mutually non-isomorphic central extensions, we consider the effect of
the group of automorphisms on the 2nd cohomology:

7232,1"'(71"'733-2,1)3-2,1 (71+73az,1)(1+a2,1) 0000

7, (1+a,,)+7s(1+a, ), 7s(1+ a2,1)2 0000

" *H2 %= 0 0 0 00O
0 0 0 00O

0 0 0 00O

0 0 0 00O

From this we obtain the following:
= (1+ 8.2’1)(]/1 + 7332,1)v
V2=V, (=1 +7s) 8y,

. 2
V3 =7s (1+ az,l) :
Using these, we consider the following cases:

1. If so, 73 =0 then
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" :(l+a2,1)7/1’
Y2 =72~ Va1

73 =0.

we will have.

a) If, , =0 then, and we have y; =0, y,=y,, 73 =0 and <A1’2> denote it in this
form, and get our next algebra Fl1 now let us consider the case when
A =(1+a,,)y,gawe willhave, (A,,)

1

b) If, 7, #0 then we obtain, a,,

2
we define in this form and obtain our next algebra R :
1. Now y, #0 let’s look at what happened

a) If so, 4,=y, call it y; =(1+a2‘1)2 Var V3 =72 » 72 =142, ) 7, we will have and this

3
<05A1,1 +A,, +ah,, > we will mark in the form and

b) If so, y,#y call it ;/1*:(1+a211)2y3, 7 =(1+a211)2y3 we will have and this

<Al’1+aA2’2> and F* we will have algebra.

Now, using the above methods, we will consider the one-dimensional central extension
of our F2 algebra.

Proposition 3. The general form F, of the elements of the (peZZ(FZ,J ) 2-cocycle
space of the given algebra is as follows:
(e’ ):bu’ ¢(e11ez):b1,21 (62191):b , (0(9 € ) b, ,, (e3'e1):b
(/)(e € ) b, ., ¢(e4'e1):b4,1' (0(8 € ) b, ., C”(es!ez):bs,v (D(e e ) bs 1

Proof.
Optional ¢ € Z2(F,, C) we can enter the following definitions for the element:

o(e.€)=b, 1<i, j<6.
And so ¢([x,y].z)=0([x.2].y)+e(x.[y.z]) using the same F, Leybnits let's try a
combination to find the 2nd cocycles of our algebra:
e,.0.8 ([, e].8)= go([e &].e ) ( e, el]) =b,,=0
) =b,, =b,,
=b,, =0
] )+(p( s [e3 ez]) =b,;=0
)

= b2,5 =

( )

€3,6,,6; :¢([es’e1]’e3) =0 [63’e3]’el)+¢)(e3’[el’e3])’ = b4,3 =
( )
( )

0
0
), =b,,=0
) 0

=>b,;=
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Let's also consider the combinations of the remaining zeros in this form:
€66 ¢([e1’el]’el) = (o([el’el]’el)+¢(e1’[el'el])' =b,;=0
6.6, :0([e.8]e ):(0([6 e ] 2)+o(en[ee]), =b,=0

el,el,es:gp( ], e) o([e,, ) o(e.[e.e]), =hb,=0
e,e,e, :go([el,el],e4)=go([e1,e l.e)+o(e.[e.e]), =hb,=0
6.6, :0([e.e].e)=0(e.e]e)+o(e.le.e]), =b,=0
e.e.e:0([e.e]e)=0(e.e]e)+o(e.ee]), =hb,=0
e,.8,.8:0([e,.8,].6,)=0([e,.8,].8,) + (e [e,.85]) =b,,=0
€,.6,,€, '¢([e3,e2],e4):(p([e3,e4],e2)+(p(e3,[ez,e4]), =b,, =0
eg,ez,es:(p([es,ez],es)=¢([e3,e5],e2)+go(e3,[e2,e5]), = b, =0
e,8,.8,0([e,8,].6)=0([e,0,].6) +o(es[es8,]), =Dy =0
e.e.6:0([e,e]e)=0(e.e]e)ro(e[ee]), =b,=0
e,.8.8:0([e.6].6,)=0(e,8].6)+p(e,.[ee,]), =b,=0
e 6.8 0([e.&]e)=0(e.e]6)+r0(e[60]),  =b,=0
6,,8,8:0([e,.8,].8,)=0([e,.8,] .6, ) +o(e,[e.8,]), =b;=0
e.6.8:0([e.6].8)=0(e.6]e)+o(e[ee]), =b,=0
e.e.6:0([e.e].e)=0(e.6].e)+o(e.[e.6]), =hb=0

e4,el,e6:go([e4,el],ee) go([e 6], )+go(e4,[el,e6]), =h,, =0

6,86 0([e,.6,].6,)=0([es. 6] 6, ) +o(es[e,.6]), =D =0
Optional element is visibledf € B2(F,, C)
B2(F,, C) {df(epeﬂ = c3,df (e;,e3) = cs5,df (e3,e1) = c3,df (e3,€2) = s,
' df(es, e1) = c4,df (e3,€2) = cq,df (€4, €1) = c5,df (€5,€1) = Co-

Conclusion

This study examined one-dimensional central extensions of small-dimensional non-
nilpotent filiform Leibniz algebras, focusing on F1(0,0,0,1) and F2(0,1,0,0). By analyzing
multiplication tables, automorphism groups, and second cohomology spaces, we classified
all non-isomorphic extensions.

In short:

« Only a finite number of distinct central extensions arise.

« Each extension represents a unique algebraic structure.

« The classification enriches the theory of filiform Leibniz algebras and their extension
properties.

Thus, the results provide a concise but complete picture of how central extensions
shape the structure of these algebras.
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