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Abstract: The paper investigates the propagation of harmonic waves in an elastic half-space whose
material is described by a simplified two-dimensional Cosserat continuum (micropolar medium). The equations
of motion of the Cosserat medium are reduced, by means of the Green—Lamb (scalar—vector potential)
transformation, to a system of ordinary differential equations with complex coefficients. The complex character
of the coefficients is due to the viscoelastic properties of the medium, modelled by the three-parameter weakly
singular relaxation kernel of Rzhanitsyn—Koltunov. The general solution of the system is constructed, volume
wave velocities are determined, and a dispersion equation for a layered Cosserat structure is derived. It is
shown that a Rayleigh-type surface wave in a Cosserat half-space is dispersive, in contrast to the classical
case: the "phase velocity—frequency" plane contains two dispersion branches, a lower ("acoustic") and an
upper ("optical") one. The phase velocity of the surface wave exceeds the phase velocity of the bulk
displacement wave over the whole frequency range; the wave propagates in the horizontal direction and
decays with depth. From the same system, solutions describing Lamb waves (symmetric and antisymmetric
plate modes) and Stoneley waves at the interface of two half-spaces are obtained. Numerical results show
that the normal stress moment in the Cosserat medium exceeds the classical value by approximately 24 %,
and the displacement-amplitude trajectory is elliptical.

Keywords: Cosserat continuum; micropolar medium; surface wave; Rayleigh wave;dispersion
equation; viscoelasticity; relaxation kernel; elastic half-space

Annotatsiya. Magolada materiali soddalashtiriigan ikki o'Ichovli Cosserat kontinuum (mikropolyar
muhit) bilan tasvirlangan elastik yarim fazoda garmonik to'lginlarning targalishi o'rganiladi. Kosserat muhitining
harakat tenglamalari Green-Lamb (skalar-vektor potensiali) transformatsiyasi yordamida murakkab
koeffitsientli oddiy differensial tenglamalar tizimiga keltiriladi. Koeffitsientlarning murakkab xarakteri Rjanitsyn-
Koltunovning uch parametrli zaif yagona relaksatsiya yadrosi tomonidan modellashtiriigan muhitning
viskoelastik xususiyatlariga bog'liq. Tizimning umumiy yechimi quriladi, hajm to'lgin tezligi aniglanadi va
gatlamli Kosserat strukturasi uchun dispersiya tenglamasi olinadi. Kosserat yarim fazosida Rayleigh tipidagi
sirt to'lgini klassik holatdan fargli ravishda dispersiv ekanligi ko'rsatilgan: "faza tezligi-chastota" tekisligi ikkita
dispersiya shoxlarini 0'z ichiga oladi, pastki ("akustik") va yugori ("optik"). Sirt to'lginining faza tezligi butun
chastota diapazoni bo'ylab ommaviy siljish to'lginining faza tezligidan oshadi; to'lgin gorizontal yo'nalishda
targaladi va chuqurlik bilan parchalanadi. Xuddi shu tizimdan ikkita yarim bo'shligning interfeysida Qo'zi
to'lginlarini (simmetrik va antisimmetrik plastinka rejimlari) va Stoneley to'lginlarini tavsiflovchi echimlar olinadi.
Ragamli natijalar shuni ko'rsatadiki, Cosserat muhitidagi normal kuchlanish momenti klassik giymatdan
taxminan 24% ga oshadi va siljish-amplitudali traektoriya elliptikdir.

Kalit so'zlar: Cosserat kontinuum; mikropolyar muhit; sirt to'lgini; Rayleigh to'lgini;dispersiya
tenglamasi; yopishqoglik; dam olish yadrosi; elastik yarim bo'shliq

AHHOmauusi: B cTatbe wuccnegyetca pacnpocTpaHeHue rapMOHUYECKUX BOSIH B YNPYrom
nonynpocTpaHcTBe, MaTepman KOTOPOro ONUCLIBAETCH YNPOLLUEHHbIM ABYMEpHbIM KOHTMHyymMoM Koccepa
(MukpononsapHoOM cpedon). YpaBHeHus OBWKeHNs cpeabl Koccepa cBogaTcs, NocpeacTBom npeobpasoBaHus
MpnHa—Jlamba (ckansaApHO-BEKTOPHbIA MOTeHuuan), K cucteMe OObIKHOBEHHbIX AnddepeHumnanbHbIX
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YPaBHEHUN C KOMMIIEKCHbIMWU KO3ahdumumeHTamun. KOMMMEKCHbIN Xapaktep Ko3adduuneHToB o0ycnosneH
BSI3KOYMNPYrMMM CBONCTBaAMU cpefbl, MOAENMPYEMbIMU TpexnapaMeTpU4ecknMm criaboCUHIYISiPHbBIM SAPOM
penakcaumn PxaHuubiHa—KonTyHoBa. [locTpoeHo o6liee pelleHne cuctembl, onpeaeneHbl 00bEMHble
CKOPOCTU BOJTH U BbIBEAEHO ANCMEPCUOHHOE ypaBHEHME AN crnoucton cTpykTypbl Koccepa. lNMokasaHo, 4To
NMoBepXHOCTHas BosiHa Tuna Panes B nonynpocTpaHcTBe Koccepa siBnsieTcs AMCNEPCUOHHON, B OTINYME OT
Knaccuyeckoro cny4dasi: nrockocTb «a3oBasi CKOPOCTb—4acTOTa» COAEPXUT [ABe OUCNEPCUOHHbIE BETBMU,
HXKHIOIO («aKyCTUYECKYIO») WU BEPXHIOK («OonTuyeckyto»). dasoBas CKOPOCTb MOBEPXHOCTHOW BOJHbI
npesbiaeT ¢a3oByld CKOPOCTb OOBHLEMHOW BOMHbI CMELLEHMS BO BCEM YaCTOTHOM Auanas3oHe; BOIMHa
pacnpocTpaHsieTCs B rOpU30OHTaNbHOM HanpasneHun n 3atyxaeT C rmyounHon. M3 Ton xe cuctemMbl NonyyYeHsl
peLLeHus, onuceiBatoLne BosHbl Jlamba (CMMMETpUYHbIE U @aHTUCMMMETPUYHbIE MOAbI MMAACTVH) U BOMHbI
CToyHNU Ha rpaHuue [AByX MONynpocTpaHCTB. YucneHHble pesynbTaTbl MNOKa3biBalOT, UYTO MOMEHT
HopmanbHOro HanpskeHns B cpege Koccepa nmpeBbllaeT Kraccuyeckoe 3HadeHue npumepHo Ha 24 %, a
TPaeKkTopMs amnnuTyabl CMELLEHUS UMeeT ANNMNTUYECKyo hopmy.

Knroydeebie crnoea: KoHTMHYym Koccepa; MukpononsipHasi cpefa; MOBEpXHOCTHAs BOJSHA; BOSHA
Panesi; gucnepcnoHHoe ypaBHEHWE; BA3KOYNPYroCcTb; SAPO penakcalmm; ynpyroe nonynpocTpaHcTBO

Introduction

Classical elasticity theory does not describe size effects observed in materials with a
pronounced microstructure (granular and composite materials, polycrystals, foams,
masonry, bone). The Cosserat (micropolar) continuum model, in which each material point
possesses, in addition to the displacement vector, an independent rotation vector, removes
this shortcoming and is now widely used in seismology, geomechanics and non-destructive
testing.

The aim of the present work is to derive and analyse the dispersion relations for free
and forced harmonic wave propagation in an elastic half-space made of a Cosserat material,
and to construct a general numerical algorithm for layered.

Materials and methods

For harmonic wave propagation in the n-th layer of a Cosserat medium the equations
of motion take the form [1-3]:

(21, + 2, )graddivd, — (7, + @, )rotrotU, + 2@, rotQ, + p,&°U, (z) =0, (1)
(27, + B, )graddiv®y, — (7, + &, )rotrotQ, +2a, rotU, + (1,0° —4a, ), (2) =0, (2)
where U, is the displacement vector, Q_ the microrotation vector, p, the material density,
I, the inertia characteristic of the material (moment of inertia of the microelement), 4,, 4,
the Lamé constants and «,,f,,7,.€, the Cosserat (couple-stress) elastic parameters
satisfying the constraints iz, >0, A +2u, >0,
a,20, 7, +&, >0[4-8]. The bars denote viscoelastic operators with complex values.

Reduction to a system of ordinary differential equations: The solution is sought as a
sum of scalar and vector potentials (Green—Lamb transformation):
U, =gradd® +rot¥,, Q =grad +rotA,. (3)
Substituting (3) into (2)—(3) yields a system of ordinary differential equations
with respect to the depth coordinate z:

(Dn”(z)_(kz_kizn)q)n =0, an”(Z)_(kz_kzzn)\Pn =0,

.@)-(K-k2)z, =0,  A,(2)-(k?—k2)A, =0, (4)
where k is the wavenumber and
w* * | 0> —4a | 0> —4a
kfn:—pn—_, zznz_pn—_, 32n=n——_n, fnZ%- (4.)
A +20, Uy +a, B t27, 7ot &
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Dimensionless variables: To simplify the solution and computation, all dimensional
guantities are converted to dimensionless form by introducing the new variables

Kp . — ®
F=kz, m=-" (j=14), Q=—, )
k .
where o. is the characteristic frequency. Substitution of (5) into (4) gives a second-order
system of ordinary differential equations with complex coefficients:
d?y,
dg?
General solution and wave velocities: The solutions of system (6) have the for
4
Y, ()= (Ce +Ce™),  « =[i-u?, @)
j=1
where C, and C, are the amplitudes of the longitudinal and transverse waves, C, and C,
are the Cosserat parameters, and C, is an abbreviating constant. For a half-space the
solution bounded at infinity reads
O, =Ce ™ +Cpe", W =C,e "™ +Ce™, (8.3)
T, =Ce™ +Ce, A,=Ce™ +Ce", (8.b)
The bulk wave velocities in the Cosserat medium are

,Zn +21, f‘ﬁ&n f_n+2_n V. +E,
Cln = —,u’ CZn = lu—' CSn = u' C4n = 7— (80)
pn pﬂ In In

Dispersion equation: From the boundary conditions of the free surface absence

of force stresses and couple stresses) one obtains the dispersion equation

A(k,w) =det T(k,w) =0, (9)
where T is the boundary-condition matrix assembled from (8)? Because the Cosserat
medium is viscoelastic, the unknowns in (9) are complex quantities, i.e. (2.45) is a
transcendental equation with complex parameters.

It is solved numerically by the Miuller method combined with the Laplace (Durand)
method. The general algorithm for obtaining dispersion relations and numerical results in
multilayered Cosserat structures is described in Section 4 of the

In the computations the relaxation of the medium is described by the three-parameter
weakly singular Rzhanitsyn—Koltunov kernel

__ X iapp
R()= t“e”, O<a<], >0, >0,
O i B>0, x
so that v, =v, (1—mnR*) for each elastic modulus v e{A, u,a, B,7,€}.

Simplified two-dimensional Cosserat model: Consider the propagation of a surface
wave in an elastic half-space based on the simplified two-dimensional Cosserat model:

Pl = (A+ 1)0,(0,u;) + (u+a)Vu, +2ae,0,0, + pf;, (10.a)

_Kn(Q)Yn :01 Yn :((Dm\Pn’En!An)T' (6)

yo31ox =(7/+5)V2a)3+2aesjk8juk —4aw, + pm,, (10.b)
where U is the displacement vector, @ the rotation vector, p the density, ] the
microinertia, 4, u# the Lamé constants, and «,y, & the new elastic parameters. The following
connection between the elastic parameters is adopted according to [8,9]:

B=y-&  u=pu-a,  y+e=2ul’ (11)
where | is the characteristic length of the microstructure.
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Results and discussion
Dispersion relation for a half-space:The general solution of (10) is sought in the form

G(x,z,t) =G(2)e'™ ™,  @(x,z,t) = @(z)e' ™™, (12)
where G and & are the displacement and moment amplitudes (vector quantities).

Substitution of (12) into (10), neglecting body forces, gives a system of ordinary differential
equations with complex coefficients:

N . . .~ 2iak . R R 2 . N
Q" —vip=0, Y —Vvig+ @ @, =0, @y —Via,+ @ (l//"+k21//)=0, (13)
U+a y+e
2 2 2
Y C R I S S S . L L (14)
A+2u U+ y+e¢

Three types of solutions can be extracted from (3.47)—(3.49), depending on the
boundary conditions: (i) Rayleigh waves in the half-space decaying with depth; (ii) Lamb
waves — symmetric and antisymmetric modes of a plate, independent of the depth; (iii)
Stoneley waves at the contact of two half-spaces under various (rigid or smooth) contact
conditions. Thus the system is a universal framework for the wave dynamics of Cosserat
media.

In a non-axisymmetric medium the surface wave (classical Rayleigh wave) is
dispersive, in contrast to the classical medium. For such waves two dispersion branches
exist on the "phase velocity—frequency" plane: a lower ("acoustic") and an upper ("optical”)
branch. As the frequency increases, the phase velocity of the lower branch decreases, while
the phase velocity associated with the upper branch increases with frequency. Over the
whole frequency range the phase velocity of the surface wave exceeds the phase velocity
of the bulk displacement wave (Fig. 1). The wave propagates in the horizontal direction and
decays with depth, which was confirmed by the computations. The boundary conditions of
a stress-free surface (vanishing force and couple stresses) lead to a self-consistent complex
dispersion equation (plane-strain state).

LN\

I\

~ N\
- 2 S

1 1 1 1 1 1 | 1 |

1
20) ) 1() H) 60
(1
Fig. 1. Dependence of the surface-wave velocity (red line) and of the bulk
displacement-wave phase velocity (blue line) on frequency.

I
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Comparison with the classical medium: The numerical results show that the normal
stress moment in the Cosserat medium is approximately 24 % larger than in the classical
medium. The trajectory of the displacement amplitude is elliptical, as in the classical case;
similar results were obtained for the Cosserat viscoelastic material.
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Conclusions

1. The equations of motion of a viscoelastic Cosserat medium are reduced by the
Green—-Lamb transformation to a second-order system of ordinary differential equations with
complex coefficients; its general solution is constructed.

2. A dispersion equation for multilayered Cosserat structures is derived; the
transcendental complex equation is solved numerically by the Muller—Laplace method.

3. The surface Rayleigh wave in a Cosserat half-space is dispersive and possesses
two branches (acoustic and optical). Its phase velocity exceeds the bulk displacement-wave
velocity in the whole frequency range, and the wave decays exponentially with depth.

4. From the same system, Lamb (symmetric/antisymmetric) and Stoneley wave
solutions are obtained under various contact conditions.

5. The normal stress moment in the Cosserat medium exceeds the classical value by
about 24 %; particle trajectories remain elliptical.
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